The role of the exchange-correlation potential and the exchange-correlation kernel in the calculation of excitation energies from time-dependent density functional theory is studied. Excitation energies of the helium and beryllium atoms are calculated, both from the exact Kohn-Sham ground-state potential, and from two orbital-dependent approximations. These are exact exchange and self-interaction corrected local density approximation (SIC-LDA), both calculated using Krieger-Li-Iafrate approximation. For the exchangecorrelation kernels, three adiabatic approximations were tested: the local density approximation, exact exchange, and SIC-LDA. The choice of the ground-state exchange correlation potential has the largest impact on the absolute position of most excitation energies. In particular, orbital-dependent approximate potentials result in a uniform shift of the transition energies to the Rydberg states.
Introduction
The Hohenberg-Kohn theorem [1] of ground-state density functional theory (DFT) guarantees that every observable of a stationary physical system can be expressed in terms of its ground-state density. In principle, this is also true for the set of excited-state energies, and several extensions of ground-state DFT have been proposed [2] - [13] . Accurate calculations of excitation energies, however, remain a difficult subject. Recently, some of us proposed a different approach to the calculation of excitation energies [14] , within the framework of time-dependent DFT (TDDFT) [15] . The central idea is to use the fact that the linear density response has poles at the physical excitation energies and can be calculated from the response function of a noninteracting Kohn-Sham (KS) system and a frequency-dependent Kohn-Sham (KS) kernel. In this way, we obtain the shifts of the KS orbital differences (which are the poles of the KS response function) towards the true excitation energies. Recent applications [16] - [25] suggest that this method may become a standard tool in quantum chemistry.
Formalism

Kohn-Sham equations for the frequency-dependent linear density response
The frequency dependent linear density response n 1σ (r, ω) of electrons with spin σ, reacting to a perturbation v 1σ ′ of frequency ω can be written in terms of the interacting densitydensity response function χ σσ ′ by [32] n 1 σ (r, ω) =
In the spin-dependent version [33] of time-dependent DFT [15] , the density response n 1σ can be expressed in terms of the response function χ s σσ ′ of the non-interacting Kohn-Sham (KS) system [14, 34] :
The KS response function
is readily expressed in terms of the unperturbed static Kohn-Sham orbitals ϕ kσ (with occupation numbers f jσ ). Relation (2) contains the linearized KS potential v s,1 σ (r, ω) = v 1σ (r, ω) +
ω) . (4)
in which the spin-dependent exchange-correlation (XC) kernel f xc is defined as the Fourier transform of f xc σσ ′ [n 0↑ , n 0↓ ](r, t, r ′ , t ′ ) := δv xc σ [n ↑ , n ↓ ](r, t) δn σ ′ (r ′ , t ′ )
Given an approximation to f xc , Eqs. (2) and (4) can be solved self-consistently for every frequency ω.
Approximations for the exchange-correlation kernel
For spin-unpolarized ground states, there are only two independent combinations of the spin components of the XC kernel, since f xc ↑↑ = f xc ↓↓ and f xc ↑↓ = f xc ↓↑ :
(contrary to common usage, we have not separated the Bohr magneton in the definition of G xc ). Note that f x = G x , as exchange contains only parallel spin contributions. The simplest possible approximation is the adiabatic local (spin-)density approximation [35] (ALDA). For spin-unpolarized ground states, this leads to , G
ALDA xc
[n](r, r ′ ) = δ(r − r ′ ) α xc (n(r)) n(r) ,
where e hom xc is the exchange-correlation energy per unit volume of the homogeneous electron gas, ζ is the relative spin polarization, (n ↑ − n ↓ )/n, and the spin-stiffness α xc = Approximate XC functionals derived from the homogeneous electron gas suffer from several shortcomings, such as spurious self-interaction contributions. These are very significant for calculations of orbital eigenvalues, as they affect the asymptotic decay of the ground-state potential. For example, the XC potential in the local density approximation decays exponentially, so rapidly that only one virtual state is bound. An alternative approach towards the construction of improved functionals is to use perturbation theory in the electron-electron coupling constant [36] . This leads to orbital-dependent functionals, which can be solved self-consistently using the optimized effective potential method (OEP) [37] - [39] . In the time-dependent case, this method takes as a starting point a given (approximate) expression for the quantum mechanical action integral as a functional of a set of orbitals [40] . Variation with respect to a local effective potential then leads to an integral equation for the exchange-correlation potential. Given an exchange-correlation potential of that kind, the corresponding exchange-correlation kernel can be constructed in the same spirit [14, 41] . The essential steps are formally identical to the OEP construction of the exchange-correlation potential for the ground-state [42] .
In the time-dependent X-only approximation, A xc is replaced by
The orbital-dependent exchange kernel in the time-dependent KLI approximation is [14, 41] 
In general, the exact X-only kernel carries a frequency-dependence. This is not accounted for in the present approximation (9) . However, for one-and spin-unpolarized two-electron systems, Eqs. (9) is the exact solution of the respective integral equations in the limit of a time-dependent X-only theory. This yields
Inherent to any X-only theory, the resulting kernels are lacking off-diagonal elements in spin space. To improve upon the X-only treatment, we use the self-interaction corrected (SIC) LDA [26] for A xc :
which is an orbital-dependent functional as well due to the explicit dependence on the orbital densities n iσ (r, t) = |φ iσ (r, t)|
] An improvement over both ALDA and exact exchange might be provided by correcting ALDA for self-interaction error [26] . Within the adiabatic SIC-LDA, the exchange-correlation kernel reads
This expression reduces to the exact result (Eq. (9)) for one electron. For more than one electron, spurious self-interaction parallel-spin contributions in ALDA are corrected, for both exchange and correlation. The correction has no affect on anti-parallel spin contributions, leaving simply the ALDA result. We find simply
where
Calculation of excitation energies
The linear density response has poles at the exact excitation energies of the interacting system (see, e.g., [32] ). The key idea is to start from a particular KS orbital energy difference ǫ jσ − ǫ kσ (at which the Kohn-Sham response function (3) has a pole) and to use the formally exact representation (2) of the linear density response to calculate the shifts of the Kohn-Sham excitation energies towards the true excitation energies Ω. To extract these shifts from the density response, we cast Eq. (2) together with (4) into the form of an integral equation for n 1 σ :
In general, the true excitation energies Ω are not identical with the Kohn-Sham excitation energies ǫ jσ − ǫ kσ , and the right-hand side of Eq. (16) remains finite for ω → Ω. The exact spin-density response n 1σ , on the other hand, exhibits poles at the true excitation energies Ω. Hence, the integral operator acting on n 1σ on the left-hand side of Eq. (16) cannot be invertible for ω → Ω. This means that the integral operator acting on the spindensity vector in Eq. (16) is non-invertible (i.e., has vanishing eigenvalues) at the physical excitation energies. Rigorously, the true excitation energies Ω are those frequencies where the eigenvalues λ(ω) of
For notational brevity, we use double indices q ≡ (j, k) to characterize an excitation energy; ω qσ ≡ ǫ jσ − ǫ kσ denotes the excitation energy of the single-particle transition (kσ → jσ). Consequently, we set α qσ := f kσ − f jσ and
as well as
Without any approximation, equation (17) can be cast [16] into matrix form
with the matrix elements
At the frequencies ω = Ω, Eq. (21) can be written as
where we have defined
The solutions Ω of the nonlinear matrix-equation (23) are the physical excitation energies. The inevitable truncation of the infinite-dimensional matrix in Eq. (23) amounts to the approximation of χ (0) by a finite sum
This truncation explicitly takes into account numerous poles of the noninteracting response function. In any adiabatic approximation to the XC kernel, the matrix elements M qσ q ′ σ ′ are real and frequency independent. In this case the excitation energies Ω are simply the eigenvalues of the (
For bound states of finite systems we encounter well-separated poles in the linear density response. In our calculations, we include many such poles, but only those of bound states, ignoring continuum contributions. The nature and size of the error this introduces has been studied by van Gisbergen et al. [21] , and does not affect the qualitative conclusions found in this work. A simple and extremely instructive case is when we expand about a single KS-orbital energy difference ω pτ [14, 16] . The physical excitation energies Ω are then given by the solution of
For non-degenerate single-particle poles ω pτ , the coefficients in Eq. (26) are given by
and
If the pole ω pτ is ℘-fold degenerate,
with ℘ different solutions A 1 . . . A ℘ . For excitation energies Ω close to ω 0 , the lowestorder term of the above Laurent expansion will dominate the series. In this single-pole approximation (SPA), the excitation energies Ω satisfy Eq. (26) reduces to
The condition (18) and its complex conjugate, λ * (Ω) = 1, finally lead to a compact expression for the excitation energies.
For closed-shell systems, every Kohn-Sham orbital eigenvalue is degenerate with respect to spin, i.e. the spin multiplet structure is absent in the bare Kohn-Sham eigenvalue spectrum. Within the SPA, the dominant terms in the corrections to the Kohn-Sham eigenvalues towards the true multiplet energies naturally emerge from the solution of the (2 × 2) eigenvalue problem
Then, the resulting excitation energies are:
Using the explicit form of the matrix elements (22) one finds
The kernel G xc embraces the exchange and correlation effects in the Kohn-Sham equation for the linear response of the frequency-dependent magnetization density m(r, ω) [33] . For unpolarized systems, the weight of the pole in the spin-summed susceptibility (both for the Kohn-Sham and the physical systems) at Ω 2 is exactly zero, indicating that these are the optically forbidden transitions to triplet states. The singlet excitation energies are at Ω 1 . In this way, the SPA already gives rise to a spin-multiplet structure in the excitation spectrum. We use SPA to understand the results of different approximations, since it simply relates the calculated shifts from KS eigenvalues to matrix elements of the XC kernel. At this point we stress that the TDDFT formalism for the calculation of excitation energies involves three different types of approximations:
1. In the calculation of the Kohn-Sham orbitals ϕ k (r) and their eigenvalues ǫ k , one employs some approximation of the static XC potential v xc .
2. Given the stationary Kohn-Sham orbitals and the ground state density, the functional form of the XC kernel f xc σσ ′ needs to be approximated in order to calculate the matrix elements defined in Eq. (22).
3. Once the matrix elements are obtained, the infinite-dimensional eigenvalue problem (21) (or, equivalently, (23)) must be truncated in one way or another.
In the following, we are going to investigate the relative importance of the approximations (1.) and (2.). Furthermore, truncation effects will be estimated by comparing the results obtained in SPA (34, 35) with the solution of the "full" problem (23) which is based on using up to 38 bound virtual orbitals. 
Results for the Helium Atom
In this section we report numerical results for excitation energies of the He atom. The stationary Kohn-Sham equations were solved numerically on a radial grid (i.e. without basis set expansion) using a large number of semi-logarithmically distributed grid points [44] up to a maximum radius of several hundred atomic units in order to achieve high accuracy the Rydberg states (n ≥ 10) as well.
Exact Kohn-Sham potential
To eliminate the errors (1.) associated with the approximation for the ground-state KS potential, we employ the exact XC potential of the He atom to generate the stationary KohnSham orbitals ϕ k (r) and their eigenvalues ǫ k . This isolates the effects which exclusively arise due to the approximations (2.) and (3.). The potential data provided by Umrigar and Gonze [45] were interpolated nonlinearly for r ≤ 10 atomic units. Around r = 10 atomic units, the XC potential is almost identical to −1/r. This behavior was used as an extrapolation of the exact exchange-correlation potential to larger distances. Tables 1 and 2 show the excitation energies of neutral helium calculated with the exact exchange-correlation potential. The results are compared with a highly accurate nonrelativistic variational calculation [46] of the eigenstates of Helium. It is a remarkable fact that the Kohn-Sham excitation energies ω jk = ǫ j − ǫ k are already very close to the exact spectrum, and, at the same time, are always in between the singlet and the triplet energies [47, 48] .
Based on these eigenvalue differences, we have calculated the shifts towards the true excitation energies using several approximations for the exchange-correlation kernels f xc : [38] . c Mean value of the absolute deviations from the exact values.
• The adiabatic local density approximation (ALDA), with the inclusion of correlation contributions in the parametrization of Vosko, Wilk and Nusair [49] .
• The approximate X-only time-dependent OEP (TDOEP) kernel of Eq. (9), which is based on the time-dependent Fock expression, and
• The approximate TDOEP-SIC kernel from Eq. (13) with the parametrization of Ref. [49] for the correlation contributions.
The columns denoted by "full" show the corresponding excitation energies Ω i which are obtained as eigenvalues obtained from the (truncated) matrix equation (23) . To investigate the effects of the truncation of the matrix equation (23) we compare the difference between the single-pole approximation (SPA) and the fully coupled results. The matrix equation (23) was solved using N = 34 unoccupied Kohn-Sham orbitals of s or p symmetry. For each symmetry class the resulting dimension of the (fully coupled but truncated) matrix in Eq. (23) is (4N × 4N) (due to the spin-degeneracy of the KS orbitals of Helium and the fact that the frequency-dependent Kohn-Sham response function is symmetric in the complex plane with respect to the imaginary axis). Thereby, convergence of the results to within 10 −6 atomic units was reached within the space of bound states. When comparing the results from the SPA with the results from the fully coupled matrix, we observe only a small change in the resulting excitation energies (from a few hundredth of a percent to at most one half percent), independent of the functional form of the exchange-correlation kernel. Thus we conclude that in helium the single-pole approximation gives the dominant correction to the Kohn-Sham excitation spectrum. Hence, starting from the Kohn-Sham eigenvalue differences as zeroth order approximation to the excitation energies, the SPA can be used for the assignment of the excitation energies which are obtained as eigenvalues from Eq. (23) . Recent studies using basis set expansions [21] indicate that further improvement of the fully coupled results can be expected from the inclusion of continuum states. The general trends of the results however, are not affected.
In figure 1 we have plotted some typical excitation energies taken from the column headed "full" of table 1 and 2, We can understand the trends in this figure by analyzing Excitation Energy (atomic units) the results in terms of the single-pole approximation. For the single-particle excitations in helium, the single-pole approximation leads to two-dimensional matrix equations for the excitation energies (c.f. Eqs. (32) - (34)). In the following, the notation
will be used for the matrix elements of the two particle operatorsÔ involved in the calcu- 
where ∆Ω p is the singlet-triplet splitting. Within the various approximations to the kernel, these levels become
. SIC (40) We begin our analysis with the splitting. In the simplest case, the TDOEP X-only kernel, we see that the singlet transitions are always overestimated, while the triplets are always underestimated. Since our TDOEP treatment is exact for exchange in this case, this underscores the importance of correlation. In particular, since f x = G x = − W /2, the splitting is just 2 W . This matrix element is always positive, correctly putting the singlet above the triplet, but the splitting is typically far too big. We demonstrate the effect of this in table 3, in which we compare splittings with and without correlation. To see why inclusion of correlation always reduces the splitting, we note the sign and magnitude of matrix elements, within ALDA. Even though both f ALDA xc and G ALDA xc are negative, because they are dominated by their exchange contributions, we find
because in Eq. (6) antiparallel correlation dominates over parallel correlation. Thus the ALDA correlation contribution to the splitting is always negative in SPA. Note that the SIC treatment of the splitting is only marginally better than in ALDA because, within SPA, the SIC splitting is identical to that of ALDA.
To analyze the separate levels, we need the magnitude of the SIC corrections:
but the numerical values of both matrix elements differ by less than 8%. Moreover,
Looking at the singlet excitation energies of table 1 we see that in ALDA, the s-levels are too high (up to 10 mH), whereas the p-levels are too low (by up to 0.4 mH). In X-only TDOEP, the s-levels drop (by up to 3 mH), approaching the exact values, but the rise of the p-states (by up to 8mH) is too high. Incorporating explicit correlation terms by using the TDOEP-SIC kernel, the singlet lines correctly drop further (in comparison to the X-only results by up to 1 mH) since 2 f
in Eq. (40) is always a negative contribution. But still, the p-states are too high. Regarding the triplet excitation energies of table 2, the ALDA s-states are too high by at most 6mH, but the p-states are almost identical to the exact values. In X-only TDOEP, the triplet states experience a strong downshift from the Kohn-Sham excitation energies up to 25 mH, originating from the term − W (see Eq. (40)). In TDOEP-SIC, this downshift is partly screened by the positive correlation contributions 2 G , the rise of the triplet is always bigger than the dropping of the singlet.
Approximate Kohn-Sham potentials
Next we explore the effect of approximate exchange-correlation potentials v xc on the calculated excitation spectrum of the He atom. We do not even report results within LDA and generalized gradient approximations (GGA) [50] , since these potentials only support a few virtual states, so that many of the transitions reported here do not even exist in such calculations. (This problem is worst in small atoms, is less pronounced in molecules, and irrelevant in solids).
To produce a correct Rydberg series, the XC potential must decay as −1/r, an exact exchange effect. Hence we examine the OEP X-only potential (which, for two-electron systems is identical to the Hartree-Fock potential) and the OEP-SIC [31] potential. Both potentials show the correct behavior for large distances from the nucleus, and support of all the Rydberg states is guaranteed. Tables 4 and 5 show the approximate Kohn-Sham excitation energies and the corresponding corrected excitation energies calculated from the approximate Kohn-Sham eigenvalues and orbitals of the X-only potential; tables 6 and 7 are their analogs from the OEP-SIC calculation. The Kohn-Sham orbital energy differences are almost uniformly shifted to larger values compared to the orbital energy differences of the exact Kohn-Sham potential. The shift ranges from 13.6 mH for the lowest excitation energy to 14.2 mH for excitation energies Ω n with n ≥ 4 for the X-only potential. The latter shift is exactly the difference [38] . c Mean value of the absolute deviations from the exact values. [38] . c Mean value of the absolute deviations from the exact values. = −0.90372 a.u.) and the more strongly bound 1s eigenvalue of the X-only potential (ǫ X−only 1s = −0.91796 a.u.). Similarly, the Kohn-Sham eigenvalue differences calculated in OEP-SIC are shifted by up to 44.5 mH, which again is equal to the difference between the 1s eigenvalues of the exact Kohn-Sham potential and the KS potential in OEP-SIC. In OEP-SIC, the correlation potential is attractive at all points in space. Hence, including SIC-correlation contributions into the OEP worsens the occupied orbital eigenvalue. To summarize, the inclusion of correlation contributions to the ground state potential mostly affects only the occupied state; the virtual states are almost exact, i.e., they are almost independent of the choice of the correlation potential. The He Kohn-Sham orbitals exhibit a Rydberg-like behavior already for relatively low quantum numbers n [41] : already the lower virtual states are mostly determined by the large-r behavior of the Kohn-Sham potential, which is governed by the exchange contribution.
As a consequence, the corrections to the Kohn-Sham orbital energy differences, calculated on the approximate orbitals, are very close to the corrections calculated from the exact Kohn-Sham orbitals. This is most apparent from the singlet-triplet splittings given in tables 3 and 8: the splittings depend more strongly on the choice of the XC kernel than on the choice of the potential. However, for the excitation energies, the differences among the various approximations of the exchange correlation kernel are smaller than the differences in the Kohn-Sham excitation energies coming from different potentials. This reflects the fact that the resulting orbitals are rather insensitive to different approximations of the potential. Hence, the corrections themselves, calculated with approximate XC kernels will not cancel the shortcomings of an approximate exchange potential. Tables 4 -7 show that the corrections go in the right direction only for the singlet states, which are always lower than the corresponding Kohn-Sham orbital energy differences. In other approximations, like the LDA and in the popular GGAs for instance, this will be even more severe: There the highest occupied orbital eigenvalue is in error by about a factor of two, due to spurious self-interaction. There may be error cancellations for the lower Kohn-Sham eigenvalue differences, but in general one should not expect to get a reliable (Kohn-Sham) spectrum in LDA and GGAs, because the respective potentials have the wrong behavior for large r. In addition, this causes the number of (unoccupied) bound KS states to be finite.
In total, the inaccuracies introduced by approximate ground state Kohn-Sham potentials are substantial, but mostly reside in the occupied eigenvalue for He. It is very unlikely that these defects will be cured by better approximations of f xc alone, since the terms containing f xc only give corrections to the underlying Kohn-Sham eigenvalue spectrum. Hence, the quantitative calculation of excitation energies heavily depends on the accuracy of the ground-state potential employed.
Results for the Beryllium Atom
Exact Kohn-Sham potential
The beryllium atom serves as a further standard example for first principles treatments: besides numerous quantum chemical studies (e.g. [52, 53] ), a highly accurate ground-state exchange-correlation potential, obtained from quantum Monte-Carlo methods [54] , is available for this system. With this potential, we calculated accurate Kohn-Sham orbitals and orbital energies of the beryllium atom. In each symmetry class (s, p, and d), up to 38 virtual states were calculated on a radial grid similar to the one used in section 4.
In tables 9 and 10 we report the excitation energies for the 11 lowest excitations of singlet and triplet symmetry. As in helium, the orbital energies of the accurate potential lie always in between the experimental singlet and triplet energies. However, the experimentally measured singlet-triplet separations in beryllium are much larger than in the helium atom (cf. the last columns given in tables 3 and 11). Accordingly, to achieve agreement with the experimental data, appreciable shifts of the Kohn-Sham eigenvalue differences are needed.
For the singlet excitation spectrum, given in table 9, the TDDFT corrections yield significantly improved excitation energies compared to spectrum of the bare Kohn-Sham eigenvalue differences, with average errors reduced by a factor of about 3 regardless of which kernel is used. The most distinct improvement towards experiment is achieved for the singlet 2P excitation, where the Kohn-Sham eigenvalue difference is off by 32% (61 mHartree) from the experimental value.
For the remaining singlet excitations, the TDOEP-SIC kernel yields the best improvement upon the bare Kohn-Sham spectrum. From figure 2, where the errors for each singlet excitation energy are plotted, we see two competing effects: the errors increase with progressing angular momentum (with the error of the 3d-states being largest), but decrease with progressing principal quantum number n. Note that ALDA has the largest errors for the d-states, presumably due to its inability to account for orbital nodes.
For the triplet spectrum given in table 10, the transition to the 2p state is clearly problematic, presumably because of its small magnitude. In particular, the TDOEP X-only calculation greatly underestimates the downshift away from the KS eigenvalue difference. Because of this effect, we also report average errors with this transition excluded. All Kohn-Sham orbital excitations experience a downshift in the ALDA and TDOEP X-only calculation. In ALDA, this leads to an overall improvement of the spectrum by a more than a factor of 2. The downshift in TDOEP X-only results is too strong, and this behavior is partly corrected in the TDOEP-SIC. However, due to overcorrections for the higher excitation energies, the average reduction in error over the Kohn-Sham excitation spectrum is only a factor of 1.2.
The errors for the triplet excitation energies are plotted in figure 3 . Clearly, the errors of both the Kohn-Sham eigenvalue spectrum and the corresponding corrections decrease again with progressing quantum number. Together with the errors plotted in figure 2 this signals that the Rydberg-like transitions to states with high principal quantum number n are already close to the eigenvalue differences of the accurate Kohn-Sham potential.
The singlet-triplet separations from equation (23) are given in table 11 for the three different approximate XC kernels. Like in helium, the singlet-triplet splittings are overestimated by about a factor of two for the S and P transitions if the (diagonal) TDOEP x-only kernel is used. The splittings of the D levels, however, appear too small by about a factor of two. By the inclusion of correlation contributions to the kernels, the splittings of the S and P levels are consistently (and usually correctly) reduced. However, for the D states, this correction is always too large, and leads to a reversal of the singlet and triplet energies. From the singlet-triplet splitting in Eq. (40) which, in the SPA, hold for any system since the diagonal terms of f xcσσ ′ cancel, this behavior can be traced back to the overestimation of correlation contributions in LDA (in small systems). Self-interaction corrections are not expected to cure this shortcoming, for the reason that to leading order the self-interaction correction terms cancel in the expressions for the splittings, similar to the way shown in section 4. Accordingly, the separations in TDOEP-SIC and ALDA are of similar quality, which can be seen from columns one and three in table 11. The TDOEP X-only results on the other hand, although too small, show the correct ordering of singlet and triplet levels.
With increasing excitation energy, the difference between the results in SPA and the full solution is reduced, as was already observed in the case of helium. The drastic change of the triplet 2P state in TDOEP X-only seems to be an artifact of the specific approximation to the exchange-correlation kernel, since the results in the SPA and the full calculation for this particular excitation energy only differ by 10% if the ALDA is used for f xcσσ ′ .
Approximate Kohn-Sham potentials
The results from using different approximate exchange-correlation potentials for the Be atom to calculate the Kohn-Sham eigenvalues and orbitals are given in tables 12 to 15.
The errors towards the experimental excitation energies are compiled in figures 2 and 3 for the singlet and triplet series. Looking first at the spectra of the bare Kohn-Sham eigenvalues (represented in figures 2 and 3 by the points connected with thick lines), we notice that the "HOMO-LUMO" gap is almost independent of the approximation of v xc employed. This is in sharp contrast with the He atom case. The correlation contributions cancel for the lowest excitation energy, and we must classify this as a non-Rydberg state. For the higher states, the situation is different: Starting from the excitation to the 3s level, the series of singleparticle energy differences appear almost uniformly shifted with respect to the series of the exact potential, preserving the typical pattern of their deviation from the experimentally measured spectrum. The shifts amount to -14 mH for the OEP-SIC potential, and -34 mH for the X-only KLI potential. As in helium, these shifts are equal to the differences in the eigenvalues of the highest occupied Kohn-Sham orbital: For the accurate potential (ǫ accurate 2s = −0.3426 a.u. [56] ), the highest occupied orbitals are more strongly bound than in OEP-SIC (ǫ OEP−SIC 2s = −0.3285 a.u.) and in X-only KLI (ǫ X−onlyKLI 2s = −0.3089 a.u.). Thus, among the virtual states, only the 2p orbital is appreciably influenced by the details of the ground state potential. For the higher lying states, the long-range behavior of the Kohn-Sham potential dominates. Its −1/r behavior is correctly reproduced both in X-only KLI as well as in OEP-SIC. For larger systems, more low-lying excitations can be accurately approximated, but eventually, for any finite system, the Rydberg excitations will show errors due to errors in the ionization potential. Casida et al. [23] have studied which excitations can be well-approximated with present functional approximations to the potential. Regarding the corrections for the singlet excitation energies calculated from Eq. (23), the first excited state (2p) experiences the largest correction, irrespective of the exchangecorrelation potential employed. Moreover, the results using different approximate exchangecorrelation kernels agree within 10 mH. For the remaining singlet excitation energies, the calculated corrections using the approximate Kohn Sham orbitals are almost identical to the corrections which are obtained from using the accurate Kohn-Sham orbitals. Hence, in figure 2 the errors for the excitations to 3s through 6p show the same pattern of deviations, only shifted by the error in the respective eigenvalue of the 2s orbital. On average, the resulting singlet excitation energies are closest to experiment, if the approximate exchange-correlation potential v xc is combined with the corresponding approximation of the exchange-correlation kernel f xc σσ ′ .
From tables 13 and 15 as well as from figure 3 , the behavior of the triplet spectra is similar, but less unequivocal for the triplet 2p state. For this particular state, the corrections spread on the order of 100mH, prevalently due to the significant overcorrection of the X-only TDOEP kernels. However, the resulting triplet 2p excitation energy almost exclusively depends on the approximation to the exchange correlation kernel rather than on the exchange-correlation potential employed. On the average, apart from the higher excitations in OEP-SIC (c.f. table 14), the best triplet spectra are obtained if the ALDA is used for the exchange-correlation kernel, but this appears to be a fortuitous cancellation of errors. The approximate Kohn-Sham excitation energies, except for the 2p state, are already incorrectly lower than the experimental triplet levels. Any further lowering, although correct for the eigenvalue-differences of the exact Kohn-Sham potential, actually worsens the triplet spectra which are calculated on the basis of an approximate exchange-correlation potential.
Since the shifts are reduced by correlation contributions in the kernels, the over-corrections become less severe for the ALDA and TDOEP-SIC kernels. Another apparent error cancellation is that when calculating the lowest excitation energy (2s → 2p) from approximate exchange-correlation potentials, the SPA-results are always closer to experiment than the full results. This might be related to the fact that for TDOEP X-only, SPA yields the exact first-order shift in energy levels in Görling-Levy perturbation theory [57] , while the "full" calculation does not [48] . In cases where there are large differences between SPA and full results, the SPA might be more reliable for these reasons. The fact that the corrections to the Kohn-Sham eigenvalue differences only weakly depend on the approximation of the exchange-correlation potential v xc , is also reflected in table 16 , where the singlet-triplet separations in Be, calculated using the X-only KLI and OEP-SIC potentials are given. The numerical values are close to the results for the accurate Be exchange correlation potential in table 11. Again, the obtained splittings are more sensitive to the approximation of f xcσσ ′ than to the approximation of the potential v xc .
Summary and Conclusion
In this work we aimed at an assessment of the influence of the three different types of approximations (i.e. (i) the XC potential v xc , (ii) the XC kernel f xc and (iii) truncation of the space of virtual excitations) inherent in the calculation of excitation energies from TDDFT. We calculated the discrete optical spectra of helium and beryllium, two of the spectroscopically best known elements, using the exact exchange-correlation potential, the KLI-X-only potential and the the KLI-SIC potential for v xc (all three potentials are falling off like −1/r as r → ∞). These were combined with three approximations for the XC kernel: The adiabatic LDA (ALDA), the TDOEP X-only kernel and the TDOEP-SIC kernel. The results are given both in the single-pole approximation (SPA) and for a "full" calculation, where as many virtual states as possible (typically about 30 to 40) entered the calculation. The analysis of these combinations reveals the following trends: First of all, the choice of v xc on the calculated spectrum has the largest effect on the calculated spectra. The inaccuracies introduced by approximate ground state Kohn-Sham potentials (even those including exact exchange) can be quite substantial. This is especially true for the higher excited states, which appear almost uniformly shifted from the true excitation energies. We observe that this shift is closely related to the absolute value of the highest occupied eigenvalue, which, in exact DFT, is equal to the first ionization potential of the system at hand.
For the lower excitation energies, an error cancellation occurs, making these excitations less sensitive to the choice of the exchange-correlation potential. This error cancellation however, ceases to work the more the excited states behave like Rydberg states. For Helium, this is already the case for the first excited state. Hence, in improving the calculation of excitation energies from TDDFT requires an improved exchange-correlation potential in the first place. The most important requirement for such a potential would be that its highest occupied eigenvalue reproduces the experimental ionization potential as closely as possible. Empirically, one could introduce a "scissors-operator" similar to the one introduced by Levine and Allan [58] , which shifts the Rydberg states by a constant being equal to the difference between the highest occupied eigenvalue and the negative of the experimental ionization potential. But such a procedure would not produce a first-principles calculation. In our opinion however, the construction of approximate exchange-correlation potentials based on orbital functionals would be the method of choice for the future.
The effect of the choice of the exchange-correlation kernel on the calculated spectra, in turn, is much less pronounced. However, its relative importance increases whenever the "first-order" effects, originating from v xc cancel. This is the case for the values of the singlet-triplet splittings and the lower excitation energies of Be. For these "second-order effects", the correlation contributions contained in f xc are important. We observe that the 
